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We describe a digital signal processing method for high precision frequency evaluation of
approximately sinusoidal signals based on a computationally efficient method. We demonstrate
frequency measurement enabling sensitive measurement of the oscillatory force exerted on a
micromechanical cantilever. We apply this technique to detection of the force signal arising in a
micromechanically detected magnetic resonance force microscopy electron spin resonance signal.
Our frequency detection measurements agree well with the theoretical noise analysis presented here,
and we find that due to the excellent sensitivity of optical displacement detection, our sensitivity is
limited only by the thermal displacement noise of the cantilever. © 2007 American Institute of
Physics. �DOI: 10.1063/1.2434955�

I. INTRODUCTION

Magnetic resonance force microscopy �MRFM�, an
emerging scanned probe magnetic resonance technique that
combines the strengths of magnetic resonance imaging
�MRI� and scanned force microscopy �SFM�,1 is a topic of
intense research. The recent demonstration of force detection
of the magnetic resonance signal of a single electron spin2 is
a milestone that has increased interest in this topic.

An essential strength of MRFM is its excellent sensitiv-
ity to the small forces exerted by spins that are manipulated
using microwave fields. The force sensor is a micromechani-
cal resonator �microcantilever� with high quality factor Q. A
force applied to the microcantilever at its eigenfrequency �0

produces an oscillatory response whose amplitude is Q times
larger than for a nonresonant force. One can use the cantile-
ver amplitude to sensitively measure the force, but this is
only useful for variations of the force slower than the reso-
nator response time ��2Q /�0� �while the effective Q can be
reduced by negative feedback techniques,3 the modified limit
on the response time remains�. This limitation can be circum-
vented by detecting the shift in either the frequency or the
phase of the oscillating cantilever in response to a force4

rather than its amplitude: An oscillatory force applied to the
oscillating cantilever in phase with its displacement will shift
the eigenfrequency of the cantilever in proportion to the ap-
plied force. The eigenfrequency responds immediately to the
applied force thus circumventing the bandwidth limitations
associated with amplitude detection.

Earlier implementations of frequency detection4 em-
ployed an electronic tank circuit in combination with a posi-
tive feedback self-oscillation circuit based on a phase shifter
and automatic gain control amplifier. This method has advan-
tages and disadvantages which we discuss in more detail
below, however, thermal drift of tank circuit component val-
ues can hinder high resolution frequency measurement; a
digital approach eliminates this problem.

Here we propose a previously unrecognized approach to
digital frequency evaluation of a cantilever signal that can be
implemented in a real-time measurement system, and that

demonstrates sensitivity predominantly determined by intrin-
sic thermally excited noise in the cantilever signal frequency.
This method is useful not only for MRFM but for any SFM
system. First we describe the principles of our frequency
evaluation method for the case of a sinusoidal signal. In the
second section we analyze the consequences of noise �we
consider the regime in which the noise is small compared to
the signal and so the signal remains approximately sinu-
soidal� and discuss the limits of the method as applied to
cantilever based force measurements. In the third section we
describe an implementation of the frequency detection sys-
tem using digital signal processing hardware. In the final
section we demonstrate the performance of the system
through application to the detection of an electron spin reso-
nance �ESR� signal using MRFM.

II. FREQUENCY EVALUATION FOR SINUSOIDAL
SIGNALS

We first present our method for evaluating the frequency
of a sinusoidal signal x�t�; below we analyze the conse-
quences of small departures from ideal sinusoidal behavior
resulting from, e.g., noise,

x = x0 sin��0t + �� ,

where �0 and � are the frequency and phase of the signal
and x0 is the signal amplitude. The linear relationship be-
tween x and its second derivative

ẍ = − �0
2x

allows us to extract the frequency �0 from a linear fit of ẍ to
x.

If we periodically sample the signal x with a time inter-
val �t we generate a set of N points

�xi� = �x0 sin��0�ti + ��� ,

where the integer i�N. To pursue this strategy for obtaining
�0 from a digital record we define the digital derivative of xi

as
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ẋi =
xi+1 − xi−1

2�t

and the results for a nearly sinusoidal signal x are

ẋi =
x0

2�t
�sin��0�t�i + 1� + �� − sin��0�t�i − 1� + ���

= x0
sin��0�t�

�t
cos��0�ti + ��

and

ẍi = − x0
sin2��0�t�

�t2 sin��0�ti + �� = −
sin2��0�t�

�t2 xi.

We can then obtain �0 from a linear fit of �ẍi� to �xi� �each
record containing N points�. Least mean squares fitting gives
the fit value A

A =
sin2��0�t�

�t2 = −
�i=1

N
ẍi · xi

�i=1

N
xi

2
, �1�

hence

f0 =
1

2��t
arcsin��t	A� .

This approach allows determination of the frequency of a
nearly sinusoidal digital record. This method has clear ad-
vantages in comparison, for example, with a standard
counter which is based upon measuring the time interval
between crossings of the signal at some trigger value. In the
present case, the signal frequency is determined from a col-
lection of sampled points made with only a few points per
signal period. Every point collected contributes to determin-
ing the frequency, not only those near the trigger level. The
sampling rate can be small in comparison to the high fre-
quency �relative to the signal frequency� usually used for
precise measurement of time interval between two signal
crossings.

We can also compare to the traditional method of analog
frequency demodulation discussed in Ref. 5 in which the
oscillatory signal is applied to a RLC tank circuit whose
resonance frequency is near the frequency to be measured;
the result is an output voltage whose phase, relative to the
input, is very sensitive to signal frequency. By measuring
this phase difference the frequency of input signal can be
determined. This scheme can be implemented digitally by
means of an algorithm that simulates the tank circuit, and
this provides equivalently accurate frequency determination
limited only by the signal-to-noise-ratio �SNR� of the input
signal. However, the scheme we present has the advantage of
being more direct and hence requiring smaller computation
time compared to the digital tank circuit implementation.
The analog approach is relatively easy to implement and
works well with high frequency signals, but to achieve high
frequency resolution the width of the analog tank circuit
resonance must be small, and this can lead to problems as-
sociated with thermal drift of analog components, a factor
that is eliminated in a digital implementation. On the other

hand, the maximum frequency signal manageable by the
digital scheme is limited for real time operation by the com-
putation speed of the digital signal processing unit.

In principle, a sampling rate prescribed by the Nyquist
theorem �not less than two points per period: �0�t��� is
required to operate reliably. However, as �0�t→� the value
−�sin2��0�t� /�t2�→0, yet the impact of noise on the fitting
remains the same so the SNR can be substantially reduced.
We propose the more practical rate �0�t�� /2; a more de-
tailed noise analysis is presented in the next section.

Because of the intrinsic susceptibility of the second de-
rivative to high frequency noise, signal filtering is important:
the second derivative of x is proportional to −�2x��� so the
high frequency noise in the input is amplified, thus the SNR
for ẍ is degraded relative to that for x. To avoid this the
signal should be filtered by means of bandpass filter of order
not less than 2 near �0 with bandwidth ����0. In practice
the limit ���0.1·�0 works well. The analysis for a
sampled signal xi is very similar.

III. FREQUENCY MEASUREMENT FOR NOISY
SIGNALS

To analyze the influence of cantilever noise on frequency
measurement we examine Eq. �1� in the continuous domain
for comparison to the digital domain

− ��0 + �n�2 =

T � 
�x + xn�
d2

dt2 �x + xn��
T � ��x + xn�2�

, �2�

where �n is the frequency measurement noise resulting from
a displacement noise xn, which we take to be small compared
to x, and T�t�� f�t� signifies the convolution of f�t� with T�t�

T�t� = � 0, t � 0

1/T , 0 � t � T

0, t � T

� .

This is equivalent to a sliding average of f�t� over a time
period T and emulates the summation in Eq. �1�. The coeffi-
cient 1 /T is used for convenience and does not influence the
ratio in Eq. �1�. Neglecting terms of order xn

2 �since xn�x0�
we obtain

− ��0 + �n�2 =
T � �xẍ + xẍn + xnẍ�

T � �x2 + 2xxn�
.

The equation of motion for an oscillating cantilever is

ẍ�t� +
�

m
ẋ�t� + �0

2x�t� =
Fex

m
,

where m is the cantilever mass, � the damping coefficient, �0

its frequency, and Fex the external force applied to the can-
tilever. In the steady state the cantilever oscillates with con-
stant amplitude, and the external excitation force compen-
sates the attenuation, so, if we exclude pulsed or very noisy
external forces we can then assume T�Fex=T��ẋ�t�, and we
get
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− ��0 + �n�2 =
T � �− �0

2x2 + xẍn − �0
2xxn�

T � �x2 + 2xxn�
.

Fluctuating external forces may increase detection noise.
Now

��0 + �n�2 =

�0
2T � x2
1 −

T � �xẍn�
�0

2T � x2 +
T � �xxn�

T � x2 �
T � x21 + 2

T � �xxn�
T � x2 �

� �0
2
1 −

T � �xẍn�
�0

2T � x2 −
T � �xxn�

T � x2 � ,

�n = −
�0

2T � x2T � 
x ẍn

�0
2 + xn�� . �3�

We take the cantilever signal to be x�t�=x0ei�0t to simplify
later Fourier analysis. By definition, the average of x2�t� is
T�x2=x0

2. For simplicity we denote the Fourier transforms of
xn and �n as xn��� and �n���, etc. Fourier transformation of
Eq. �3� gives

�n��� = −
�0

2x0
T��� · 
	�� − �0� � �0

2 − �2

�0
2 xn�����

= −
�0

2x0
T��� · 
− �2 + 2��0

�0
2 xn�� − �0�� .

We seek to measure dc value �0 and we are interested in
noise in this immediate vicinity: ���0

�n��� = −
1

x0
T��� · �xn�� − �0� .

We expect the following frequency dependence for xn:

xn��� =
Fn/m

�0
2 − �2 + i

��0

Q

+ In,

where Fn is the cantilever thermomechanical force noise6

and In is the effective interferometer noise �taken to be white
in the band of interest�. We consider white noise in the form
Fn=Fn0ei�n��� and In= In0ei
n���, where Fn0 and In0 are real
constants and �n and 
n are real random phases. Then

�n��� =
1

2x0
T��� ·  Fn

m�0
− 2�In�

=
1

2x0
T��� · Fn

k
�0 − 2�In� ,

hence the frequency noise for given cantilever and readout
noise levels is given by

�n���
�0

=
1

x0
T��� · Fn

2k
−

�

�0
In� . �4�

This result is in agreement with results for frequency/phase
noise of electronic oscillators.7 For frequency noise induced
solely by thermomechanical noise �i.e., if In is negligible�
one can arrive at a result for �n more easily. Since �0

2

=k /m and �n /�0=kn /2k, where kn is the effective spring
constant noise �kn=Fn /x0� we get �n /�0=Fn / �2kx0� in
agreement with the result in Eq. �4�.

IV. IMPLEMENTATION OF FREQUENCY DETECTION
SCHEME

We have implemented this frequency detection scheme
in a magnetic resonance force microscopy �MRFM� instru-
ment using a digital signal processor �DSP� board.8 Figure 1
shows a schematic diagram of the frequency detection setup.

A 1024 point digital record of the digitized cantilever
displacement �from an optical fiber interferometer� signal is
collected and digitally filtered with a fourth-order IIR But-
terworth bandpass filter �this signal is designated “x” in Fig.
1�. The second time derivative ẍ is calculated and ẍ versus x
is fit to a line; the slope of the line gives the cantilever
frequency; frequency values are obtained continuously once
every �4 ms �1024 points obtained at a 250 kHz sampling
rate�, and this result is recorded in the host computer.

To relate frequency shift to the force the cantilever must
execute constant amplitude oscillations at its resonance fre-
quency. This is achieved by a digital positive feedback cir-
cuit in which the cantilever serves as the frequency determin-
ing element; Fig. 1 shows the implementation of this circuit.
A replica of the filtered input signal is passed to the output
with a � /2 phase shift �corrected by a proportional control
circuit with a 100 ms characteristic time constant� imposed
to create an output phase locked to the cantilever signal. This
signal can have an arbitrary �time varying, if desired� ampli-
tude. This signal can be used to generate other needed sig-
nals that must be referenced to the cantilever.

V. EXPERIMENTAL RESULTS

We have detected MRFM signals with high sensitivity
and user defined bandwidth using this method. The fre-
quency noise of the cantilever measured using the DSP fre-
quency detector is shown in Fig. 2. This noise includes con-
tributions from the cantilever thermomechanical noise xth

and the effective interferometer noise xint �see Fig. 2�a��.
Relative to the thermomechanical noise xth, xint decreases

FIG. 1. Schematic diagram of the frequency detection and self oscillation
circuits; both are implemented by the digital signal processing �DSP� board.
The large box defined by the dashed line contains the functional units imple-
mented as a DSP stream application, and the small box indicated with a
dash-dot line contains the elements of the digital phase-lock circuit.
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with decreasing frequency offset from the cantilever reso-
nance frequency f0 because xth is resonantly enhanced within
�f = f0 /Q of f0 whereas xint is essentially constant; fc denotes
the frequency above which the interferometer noise exceeds
thermomechanical noise and defines the optimal bandwidth
of the mechanical detector.

After applying our frequency detection procedure these
noise sources are converted to frequency noise as shown in
Fig. 2�b� �see Eq. �4��. Figure 2�c� shows the experimentally
measured frequency noise. The cantilever9 �spring constant
k=0.02 N/m, resonance frequency f0�9300 Hz, and quality
factor Q�55 500� is driven to maintain constant oscillation
amplitude x0�100 nm and measurements were made at T
=5 K in vacuum. The measured frequency noise fn=1
�10−4 Hz/	Hz expressed in terms of an effective force
noise is

Fn =
2fn

f0
kx0 = 4 � 10−17 N

	Hz

and is the same as our estimate for the thermomechanical
noise6 for this cantilever:

Fth = 	4�kbT =	2kkbT

�Qf0
� 4 � 10−17 N/	Hz.

Hence the effective noise is dominated by Fth and the noise
contributed by the detection circuit is negligible.

A MRFM electron spin resonance �MRFM/ESR� signal
from a sample of DPPH �Ref. 10� attached to a SiN
cantilever9 is shown in Fig. 3. The signal force is due to the
�102 T/m magnetic field gradient of a stationary probe
magnet brought close to the sample. The sample magnetiza-
tion was cyclically saturated by modulating the frequency of
the microwave field at f0. The solid curve in Fig. 3 shows the
DPPH electron spin resonance signal obtained by frequency
detection. The FM modulation depth was 5 MHz peak to
peak and the microwave power was �20 dBm. For compari-
son we show the MRFM/ESR signal obtained by traditional
amplitude detection �dashed curve� at the same microwave
power but with larger FM modulation depth. Both signals
have similar features demonstrating the high fidelity of our
frequency detection method.

VI. CONCLUSION

We demonstrate a previously untried method for digital
frequency evaluation of periodic signals and present a noise
analysis for this method when applied to a microcantilever
force sensor signal. We have demonstrated real-time fre-
quency evaluation of cantilever signals with high precision.
Since the added noise is negligible compared to thermal
force noise of the cantilever, the force resolution is close to
thermal limit of cantilever itself. Beyond this, the DSP ap-
proach is easily extended to encompass an integrated MRFM
measurement system that includes a self-excitation circuit, a
frequency detector, and signals that control modulation of the
rf signals that can be phase locked to the cantilever signal.
This integrated system was demonstrated in a measurement
of the MRFM/ESR signal from a DPPH sample and its per-
formance evaluated.

This work was supported by the US Department of En-
ergy through grant DE-FG02-03ER46054.

FIG. 2. �a� Typical cantilever displacement noise. �b� Cantilever displace-
ment noise after conversion to frequency noise using the frequency evalua-
tion procedure described in the text. The optimal mechanical detector band-
width fc− f0 is indicated �see text�. �c� Measured frequency noise for the
Veeco cantilever used in the ESR/MRFM experiment �shown in Fig. 3�; this
measurement was made at T=5 K with x0�100 nm. The dashed line shows
the theoretical noise given by Eq. �4�; we used the values Fn=4
�10−17 N/	Hz and In=8�10−13 m/	Hz. The experimental noise is attenu-
ated at higher frequency by a bandpass filter applied to the cantilever signal.
For all graphs the vertical and horizontal scales are logarithmic and linear,
respectively.

FIG. 3. MRFM/ESR signal obtained from a film sample of DPPH. The
signal was obtained by detecting the shift in the cantilever eigenfrequency
that occurs as a consequence of the oscillatory force exerted on the cantile-
ver in the electron spin resonance experiment �solid curve; refer to the
left-hand axis�. This is compared to the same signal detected by the conven-
tional approach of detecting the cantilever oscillation amplitude after exci-
tation by the spin resonance force �dashed curve, right-hand axis�. The fre-
quency signal has larger bandwidth than the amplitude signal whose
bandwidth is limited by the cantilever time constant.
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